Understanding the Surveyor’s Theorem by Janet Johnson

We begin with the most basic formula for finding the area of a triangle A = %bh. This formula

however, is not always the most convenient approach to finding area. The following example illustrates
this point:

B (2, 8)

A(8,3)

C(-6,-2)

No matter which side of the triangle is used as the base, finding the height requires tedious algebraic
calculations.

Suppose we find the point of the triangle that is on the same vertical or horizontal line as one of
the vertices. For instance, point P would be horizontal to point A and located on line BC. The following
calculations will give the coordinates of P.

B (2, 8)

P me A(8.3)

C (-6, -2)

Since triangle BPQ is similar to triangle BCR, the following segments are proportional:

Pe _BO Pe _ >

cR_BR °° CR” 10
Hence, CR = 2P(Q. Since CR = 8, then PQ = 4. Now, we know the coordinates of P are (-2, 3).



If we use AP as the base of both triangles ABP and APC, the area of triangle ABC is the sum of the two
and the calculations are elementary:

Areaygp = %(10)(5) =25 and Areaupc = %(10)(5) =25 so Areaugc = 50
Note: Areaasc = Areaapp + Areaspc = (AP - BQ + AP - QR) = S AP(BQ + QR) = AP - BR
= %hor(A, P)-ver(B,()
= %hor(A, line BC) - ver (B, C)
Where hor(A P) is the horizontal distance from A to P and ver(B, C) is the vertical distance from B to C.
Area Theorem: Given points A, B, and C,

(signed) Areaygc = %hor(A, line BC) - ver(B, ()

The following Lemma can be used to find the area of a quadrilateral:

Lemma: Given collinear points D, E, F, and B, we have

hor(D,B) - ver(E,F) = hor(E,F) -ver(D,B)

We omit the proof which is elementary and follows from considering similar triangles.

Let’s use the following example to show how this Lemma can be useful in finding the area of a
quadrilateral:

1 1
Areaypcp = Areaygp + Areagcp = Ever(B, E)hor(4,C) + Ever(F, D)hor(4,C)
Factoring out common terms gives:

% hor(A, C)[ver(B,E) + ver(F,D)]

= %hor(A, C)[ver(B,D) + ver(F,E)]



Using the Lemma and redistributing gives:

1

[hor(A,C) - ver(B,D) + hor(A,C) - ver(F,E)]

[hor(A,C) - ver(B,D) —ver(A,C) - hor(E,F)]

= N= N

3 [hor(A,C) - ver(B,D) — hor(B, D) - ver(4,C)

Where the last equality holds true because the horizontal distance from E to F is the same as the
horizontal distance from B to D.

We proved: Areaspcp = % [hor(A,C) - ver(B,D) — hor(B,D) - hor(A4, C)]

Note that hit can be written as Areaypcp = %(ﬁxﬁy - E—ﬁxﬁy) which can also be written using the

cross-productin R"3.  Areaspcp = %(ﬁ X Fﬁ)

Let’s look at our example above; this time, however, replacing ABCD with coordinates.

(%, ¥s)

(Xg Yo)

(x, ¥,)

(%, ¥,)
1, — —_— 1 —— - _—
We know Areaspcp =3 (AC x BD) = S (AC,BD, — BD,AC,)
Using the coordinates above, this becomes: %[(xz —x0)(y3 —y1) — (x5 —x1) (2 — yo)]
Distribution leads to: %(x2y3 — X3Y1 — XoY3 + XoV1 — X3Y2 + X3V + X1V2 — X1Y0)

. ) 1
Rearranging terms gives: - [(xoy1 — x1Y0) + (12 — x291) + (23 — x3Y2) + (X3Y0 — Xo¥3)]

Finally, rewriting the groups as determinants, we find:



x1| |x1 x2| |x2 x3| |x3 x0|

Area—|y0 Y1 Yi Y2 Y2 V3 Y3 Yo

This interpretation of area is known as The Surveyor’s Area Formula. It can be used to find the area of
any simple polygon that has no intersection or holes with vertices (xq, ¥o), (X1, ¥1), -+« (X1, Yn—1) listed
counterclockwise around the polygon. The proof of the formula is based on the Lemma below:

v
The absolute value of |v; is the area of the polygon with vectors V= (v4, ;) and W= (wy, w;)

|
w;

To prove this let’s view the following parallelogram as defined by vectors V and W.

(W, w,)

(0,0)

By enclosing the parallelogram in a rectangle and defining the enclosed segments using the coordinates
of the vectors, we have:

a(v1)(v2)
(Wwi}v2)

Ya(w1)(w2)

Va(w1)(w2) W v

(w1)(v2)

Ya(v1)(v2)

Since the area of the rectangle is (v; + wy) (v, + wy), then the area of the parallelogram is

1 1 1 1
(w1 +w)z +wy) — <<E U1U2> + (wyv2) + (E W1W2> + (E 171”2) + (W) + (E W1W2)>

Combining like terms gives:
(w1 +wp) (W, +wy) — ((U1U2) + 2wyvy) + (W1W2))
Distributing the first two factors gives:

V1Vy + U1Wy + VoW + Wyw, — ((vlvz) + 2wyvy) + (wlwz))



Distributing the negative gives:
V1V + V1Wy + UaWy + WiWy — V1V, — 2W Uy — Wi W,y

Finally, eliminating terms that cancel yields:
V1Wz — UpWq

U1 W1|

Hence, the area of the parallelogram is |v2 W,

Now, let’s expand the Surveyor’s formula to the area of a triangle. From the previous example, we

know the area of a parallelogram is |v;w, — v,w;|. In terms of the figure below, this expression would
b X1 —Xo X2 —Xp

€ Yi1—=Yo Y2—DYo

(X,,,)

(X5 ¥4)

(XO’yO)

X1 — Xo xz—x0|

1
For a triangle, the area would be = |
& 21Yy1=Yo Y2—DXo

Written as a 3X3 determinant, the following are equivalent:

0 0
Xo X1~ X9 X2 —Xp
Yo Y1—=Yo Y2—DXo

_1 xl_xo xo_.xZ|_1
T 21 =Yo Yo—Y2l T2

Now, by replacing the second column with the sum of the first and second columns, and replacing the
third column with the sum of the first and third columns, we have

1 1 1 1
A = = xO xl x2
Yo Y1 Y2

The expansion of this determinant gives:
1/x; x Xg X Xo X
a=3( vl=bhe wl+he 3
2\Y1 Y2 Yo Y2 Yo M1

Rearranging the first and third determinants, and switching the columns in the second matrix allows us
to write

1
1=3(be wl+hy b



From this, we obtain the Surveyor’s Formula. Knowing that a simple polygon can be triangulated, this
formula can be used to find the area of a polygon with side lengths greater than three.
We will use the following polygon to illustrate:

(X4Ys)
(Xo¥o)

(%3¥3)

(X2,Y5)

(xy,)

The area of the polygon is the sum of the areas of the triangles. So the area of the polygon is the sum of
the determinant as follows:

1
el (S R Pl I e M e I e SO B s ) L )

. . . X2 Xp Xo Xz .
Notice that several determinants will cancel. For example |y y | and |y y | will cancel each other.
2 0 0 2

X2

Also, Vs

X4 Xg X| . . o
y | and |y y | will cancel one another. The expression we are left with is
4 4 2

1
(et (S e I I ] R B )

So for any polygon of side n, the area is

Xn-2 xn—1| Xn-1 xo|}

1{x0 x1| |x1
Yn-2 Vn-1 Yn-1 Yo

A:E Yo N Y1 ;Z|++|
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